We prove the regulairty of equivariant eta functions near the origin. We also propose an equivariant version of the Cheeger-Chou index theorem on spaces with conelike singularities. i¿o w
Introduction
Let M be an odd-dimensional compact Riemannian spin manifold with a fixed spin structure, D the Dirac operator on M. The n function associated to D is defined by [1] (0. i¿o w
In the first two sections we prove some basic properties of equivariant n functions and in §3, we point out that a slight modification of yields an equivariant index theorem for spaces with conelike singularities.
Related work has also been done by J.-M. Bismut and J. Cheeger (unpublished).
Equivariant n functions
It is clear that (0.1) and (0.2) are only defined when Re(s) is large enough. Then by analytic continuation to the whole complex plane, we obtain the meromorphic functions n(s,D) and nT(s,D) on C. Of particular interest is their regularity at 5 = 0.
where dx is the volume element associated to the metric, and Dexp(-tD )(x,y)
is the kernel of Dexp(-tD ).
Proof. For any A ^ 0, let cpx , ... ,cpx be an orthonormal basis of T(EX), then it is standard that , m Proof. We introduce an auxiliary Grassmann variable z as in [4] . Then we have
Since T has no fixed points, d(x, Tx) > S for some constant S > 0. By standard results for elliptic operators, there exist positive constants Ci (i = 1,2,3,4) such thai as / -► 0+ ,
for all x € M. Here we have assumed that z has "norm" ||z|| = 1. By (1.6)-( 1.8), there are positive constants C5,C6 such that as i-»0+,
Thus, Vs € C
where C7 is a suitable positive constant. Thus /0°° t(s~X)l2tr(dfDexp(-tD2))dt is an entire function. On the other hand, l/f((s + l)/2) is also an entire function, (1.4) follows from Theorem 1.1. G Remark 1.11. In fact, ( 1.4) is a known result and can be proved directly without introducing the Grassmann variable z.
Regularity near 5 = 0
In this section, we prove the following theorem:
First note that it is sufficient to show that
for some constant C > 0. Because then the integration in (1.2) will be convergent absolutely and uniformly on the compact subsets in Re(s) > -2, which implies the holomorphic property. Now we begin to prove (2.2). Since T is an isometry, the fixed point set F of T consists of components Fx, ... ,Fk , each of even codimension. If U is an open neighborhood of F , then by the argument in the proof of (1.4), it is easy to see that
Thus we meet a local problem, and the situation is similar to what was considered in [8] . As in [8] , we may assume k = 1 and codimF = 2«'. Denote by N(F) the normal bundle to F . We need only to prove that
for some constant C > 0. Here A^e) = {v € NAF)\\\v\\ < e}, is a sufficiently small neighborhood of the origin in the normal space N((F), and we use the local trivialization of expNx(e) to Nx(e).
We choose an orthonormal basis and associated coordinates as in [8] . And we define as in [9, 8] , (2.6) X(x"DßxeY) = \ß\-\a\ + \y\, for a, ß € Zn, y € (Z2)n . We also define x(z) -1 ■ Then we have (2.7) X(zx"Dßxey)=l + \ß\-\a\ + \y\. 
)(x ,y) = h~X (x) exp(-t(D2 + zu))(x ,y)h(y) (2.12) -exp(-tD2)(x,y).
Then ztdTD exp(-tD2)(x, dTx) = dfh~X(x) exp(-t(D2 + zu))(x, dTx)h(dTx) (2.13) -dfexp(-tD2)(x,dTx).
As in [9] (compare also with [4] or [7] ), it is easy to see that
where x{U¡) < 2/, x(V¡) < 2(í -1) and U¡, K contain no z. By (2.9) and (2.13)-(2.15), we get
= --;=-dT for some constant Cx > 0 ; where in the W(y ; x), y stands for tangential coordinates and x stands for normal coordinates.
Proof. We can assume that If is a monomial, then it can be written as
Here ex-■ en all appear because otherwise, tr W = 0. Also note that we can assume that the x('s in ( Let T: Z' -> Z' be an isometry, which is a product near dZ, i.e. it is a trivial extension of the isometry T\dZ : dZ -* dZ to (0,1 + e] x dZ in a tubular neighborhood of dZ . Assume further more that T has no fixed points on dZ . Let D£± be the Dirac operator on Z' associated to g 'e. Assume dTDe± = DE±dT. Then we can define the Lefschetz number where the F¡ are the components of the fixed point set of T in Z, and the integrand is the standard density in Lefschetz fixed point formulas (cf., e.g. [8] or [2] ).
The proof is almost the same as what was done in [3, §1]. The first point is to note that here we just use Remark 3.9. The condition (3.2) and the assumption that T has no fixed points on the boundary dZ are not essential. Indeed, this has been treated by J.-M. Bismut and J. Cheeger (unpublished). Here we will not go into the analytical details.
